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Abstract
In this paper, the fourth-order four-point p-Laplace equation boundary value problem
[ϕp(u′′(x))]′′ = f (x, u(x), u′′(x)), 0 ≤ x ≤ 1,
u(0) = 0, u(1) = au(ξ), u′′(0) = 0, u′′(1) = bu′′(ζ ),
is studied, where ϕp(t) = |t|p−2 · t, p > 1; 0 < ξ, ζ < 1; f ∈ C([0, 1] × R2, R). The existence of iterative
solutions is obtained via the lower and upper solution method.
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1. Introduction
It is well known that the bending of elastic beam can be described with some fourth-order boundary
value problems. There has been extensive study on fourth-order boundary value problems with diverse
boundary conditions via many methods; we refer the reader to [1–10] for details. Most of these results
are based upon the Leray–Schauder continuation method, topological degree, the fixed point theorem on
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a cone, or the lower and upper solution method. In this paper, we consider the following boundary value
problem:
[ϕp(u′′(x))]′′ = f (x, u(x), u′′(x)), 0 ≤ x ≤ 1, (1.1)
u(0) = 0, u(1) = au(ξ), u′′(0) = 0, u′′(1) = bu′′(ζ ), (1.2)
where ϕp(t) = |t|p−2 · t, p > 1; 0 < ξ, ζ < 1; 0 ≤ a < 1/ξ, 0 ≤ b ≤ 1; f ∈ C([0, 1] × R2, R).
Problem (1.1), (1.2) occurs in beam theory, see [1], for example, a beam with small deformation; a
beam of a material which satisfies a nonlinear power-like stress and strain law; a beam with two-sided
links which satisfies a nonlinear power-like elasticity law. In [1–3], some existence and multiplicity
results of positive solutions for (1.1), (1.2) have been obtained by using the fixed-point theory on a cone
when a = b = 0 and the nonlinear term f does not depend on u′′. For applications of the monotone
iteration method to higher order problems, we refer the reader to Korman [4,5], Agarwal [6], Cabada [7]
and Pao [8]. Recently, Ma et al. [9] and Bai [10] developed the monotone method for problem (1.1), (1.2)
with p = 2 by using some new maximum principles. The maximum principles of fourth-order linear
equations play a very important role in their proofs. However, for p = 2, the differential operator
[ϕp(u′′)]′′ is nonlinear; thus, the Fredholm Alternative and the maximum principle cannot be exacted as
in [9,10].
On the other hand, recently, there is an increasing interest in studying multi-point boundary value
problems; for example, see [11,12] and the references therein. The main tools used are Mawhin
continuation theorem and the theory of fixed-point on a cone.
To our best knowledge, there are few works that refer to iterative solutions for higher-order multi-
point differential equation boundary value problems. Motivated by the above works, in this paper, we
show the existence of iterative solutions for problem (1.1), (1.2) between a lower solution β and an upper
solution α without any growth restriction on the nonlinear term f .
2. The monotone method
In this section, we will develop the monotone method for the fourth-order four-point boundary value
problem (1.1), (1.2).
Denote W = {u | u, ϕp(u′′) ∈ C2[0, 1]}.
Definition 2.1. Letting α ∈ W , we say α is an upper solution for the problem (1.1), (1.2) if α satisfies
[ϕp(α′′(x))]′′ ≥ f (x, α(x), α′′(x)), for x ∈ [0, 1],
α(0) ≥ 0, α(1) ≥ aα(ξ),
α′′(0) ≤ 0, α′′(1) ≤ bα′′(ζ ).
Definition 2.2. Letting β ∈ W , we say β is a lower solution for the problem (1.1), (1.2) if β satisfies
[ϕp(β ′′(x))]′′ ≤ f (x, β(x), β ′′(x)), for x ∈ [0, 1],
β(0) ≤ 0, β(1) ≤ aβ(ξ),
β ′′(0) ≥ 0, β ′′(1) ≥ bβ ′′(ζ ).
The following conclusion is useful in our proofs of the main result.
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Lemma 2.1 ([12]). Let 0 < a < 1/ζ, c ≥ 0, and d ≥ 0. If y ∈ C[0, 1] and y ≥ 0, then the following
problem
u′′(x) + y(x) = 0, x ∈ (0, 1)
u(0) = c, u(1) − au(ζ ) = d,
has a unique solution u such that
u(x) ≥ 0, x ∈ [0, 1].
Now, we give the main result of our work.
Theorem 2.1. Suppose p > 1; 0 < ξ, ζ < 1; 0 ≤ a < 1/ξ, 0 ≤ b ≤ 1; f ∈ C([0, 1] × R2, R). If there
exist α and β, upper and lower solutions, respectively, for the problem (1.1), (1.2) which satisfy
β ≤ α and β ′′ ≥ α′′, (2.1)
and the following assumptions,
(A1) For β(x) ≤ u1 ≤ u2 ≤ α(x), α′′(x) ≤ v ≤ β ′′(x), x ∈ [0, 1], there is
f (x, u2, v) − f (x, u1, v) ≥ 0; (2.2)
(A2) For α′′(x) ≤ v1 ≤ v2 ≤ β ′′(x), β(x) ≤ u ≤ α(x), x ∈ [0, 1], there is
f (x, u, v2) − f (x, u, v1) ≤ 0, (2.3)
then there exist monotone sequences {αn} and {βn}, non-increasing and non-decreasing respectively,
with α0 = α and β0 = β, which converge uniformly to the extremal solutions in [β, α] of problem
(1.1), (1.2).
Proof. Consider the problem
[ϕp(u′′(x))]′′ = f (x, η(x), η′′(x)), for x ∈ [0, 1], (2.4)
u(0) = 0, u(1) = au(ξ), u′′(0) = 0, u′′(1) = bu′′(ζ ), (2.5)
with η ∈ C =: {η | η ∈ C2[0, 1], β ≤ η ≤ α, β ′′ ≥ η′′ ≥ α′′}. Clearly, C is a nonempty closed subset
in C2[0, 1]. By Lemma 2.1 and the condition 0 ≤ a < 1/ξ, 0 ≤ b ≤ 1, the problem (2.4), (2.5) has a
unique solution u and
u = T η =: (H F)(η)
where
(Fη)(s) =
∫ 1
0
G1(t, s) f (t, η(t), η′′(t)) dt,
(H y)(t) =
∫ 1
0
G2(t, s)ϕ−1p (y(s)) ds,
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G1(t, s) =


s ∈ [0, ζ ] :


t
1 − bζ [(1 − s) − b(ζ − s)] : t ≤ s,
s
1 − bζ [(1 − t) − b(ζ − t)] : s ≤ t,
s ∈ [ζ, 1] :


1
1 − bζ t (1 − s) : t ≤ s,
1
1 − bζ [s(1 − t) + bζ(t − s)] : s ≤ t,
G2(t, s) =


s ∈ [0, ξ ] :


t
1 − aξ [(1 − s) − a(ξ − s)] : t ≤ s,
s
1 − aξ [(1 − t) − a(ξ − t)] : s ≤ t,
s ∈ [ξ, 1] :


1
1 − aξ t (1 − s) : t ≤ s,
1
1 − aξ [s(1 − t) + aξ(t − s)] : s ≤ t.
Clearly, T = H F : C2[0, 1] → C2[0, 1].
Now, we divide the proof into three steps.
Step 1. We show
T C ⊆ C.
In fact, for γ ∈ C , set ω = T γ . From the definition of T , we know that ω, ϕp(ω′′) ∈ C2[0, 1]. On the
other hand, by the definitions of α, β and C , combining (2.1)–(2.3), we have that
[ϕp(α′′(x))]′′ − [ϕp(ω′′(x))]′′ ≥ f (x, α(x), α′′(x)) − f (x, γ (x), γ ′′(x)) ≥ 0,
(α − ω)(0) ≥ 0, (α − ω)(1) ≥ a(α − ω)(ξ),
(α − ω)′′(0) ≤ 0, (α − ω)′′(1) ≤ b(α − ω)′′(ζ ).
(2.6)
Setting y = ϕp(α′′) − ϕp(ω′′), then y is twice differentiable in [0, 1] and
y′′(x) ≥ 0, for 0 ≤ x ≤ 1,
y(0) = ϕp(α′′(0)) − ϕp(ω′′(0)) = ϕp(α′′(0)) ≤ 0,
y(1) − ϕp(b)y(ζ ) = [ϕp(α′′(1)) − ϕp(bα′′(ζ ))] − [ϕp(ω′′(1)) − ϕp(bω′′(ζ ))]
= ϕp(α′′(1)) − ϕp(bα′′(ζ )) ≤ 0.
Therefore, with the use of Lemma 2.1, one has
y(x) ≤ 0, for 0 ≤ x ≤ 1,
i.e.,
ϕp(α
′′(x)) ≤ ϕp(ω′′(x)), for 0 ≤ x ≤ 1.
According to the fact that ϕp is monotone increasing, there holds
α′′(x) ≤ ω′′(x), for 0 ≤ x ≤ 1,
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i.e.,
(α − ω)′′(x) ≤ 0, for 0 ≤ x ≤ 1.
Combining Lemma 2.1 and (2.6), we have
α(x) ≥ ω(x), for 0 ≤ x ≤ 1.
Analogously, we can prove that
β ≤ ω, ω′′(x) ≤ β ′′(x), for 0 ≤ x ≤ 1.
Thus, T C ⊂ C .
Step 2. Let u1 = Tη1, u2 = T η2, where η1, η2 ∈ C satisfy η1 ≤ η2 and η′′1 ≥ η′′2 . We show
u1 ≤ u2, u′′1 ≥ u′′2. (2.7)
In fact, by (2.2), (2.3), and the definitions of u1 and u2,
(T u2)(x) − (T u1)(x) = f (x, η2(x), η′′2 (x)) − f (x, η1(x), η′′1 (x)) ≥ 0,
(u2 − u1)(0) = 0, (u2 − u1)(1) = a(u2 − u1)(ξ),
(u2 − u1)′′(0) = 0, (u2 − u1)′′(1) = b(u2 − u1)′′(ζ ).
Similarly to Step 1, we can easily prove u1 ≤ u2, u′′1 ≥ u′′2. Thus, (2.7) holds.
Step 3. The sequences {αn} and {βn} are obtained by recurrence:
α0 = α, β0 = β, αn = T αn−1, βn = Tβn−1, n = 1, 2, . . . .
From the results of Steps 1 and 2, we have that
β = β0 ≤ β1 ≤ · · · ≤ βn ≤ · · · ≤ αn ≤ · · · ≤ α1 ≤ α0 = α, (2.8)
β ′′ = β ′′0 ≥ β ′′1 ≥ · · · ≥ α′′n ≥ α′′1 ≥ α′′0 = α′′. (2.9)
Moreover, from the definition of αn , we get
[ϕp(α′′n (x))]′′ = f (x, αn−1(x), α′′n−1(x)),
αn(0) = α′′n (0) = 0,
αn(1) − aαn(ξ) = α′′n (1) − bα′′n (ζ ) = 0.
From (2.8), (2.9) and the continuity of f , we have that there exists Mα,β > 0 depending only on α and
β (but not on n and x) such that
|[ϕp(α′′n (x))]′′| ≤ Mα,β , for all x ∈ [0, 1].
Now, we claim that there exists ξn ∈ (0, 1) such that
[ϕp(α′′n (x))]′x=ξn = 0.
In fact, with the continuity of [ϕp(α′′n )]′, without loss of generality, suppose by the contrary that[ϕp(α′′n (x))]′ > 0 for x ∈ (0, 1), that is say, [ϕp(α′′n )] is increasing strictly on [0, 1]. Because ϕp
is increasing strictly on [0, 1], one has α′′n (x) is increasing strictly on [0, 1]. It is a contradiction to
0 = α′′n (0) ≤ α′′n (1) = bα′′n (ζ ) ≤ α′′n (ζ ). Thus, we have
|[ϕp(α′′n (x))]′| =
∣∣∣∣
∫ x
ξn
[ϕp(α′′n (t))]′′ dt + [ϕp(α′′n (x))]′x=ξn
∣∣∣∣ ≤ Mα,β . (2.10)
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By α′′n (0) = 0 and ϕp(0) = 0, there is ϕp(α′′n (0)) = 0, so
|ϕp(α′′n (x))| =
∣∣∣∣
∫ x
0
[
ϕp(α
′′
n (t))
]′ dt
∣∣∣∣ ≤ Mα,β .
Now, let Cα,β = ϕ−1p (Mα,β) > 0, there holds
|α′′n (x)| ≤ Cα,β, for x ∈ [0, 1], n = 0, 1, 2, . . . . (2.11)
Consequently, combine αn(0) = 0, αn(1) = aαn(ξ), there exists Dα,β > 0 such that
|α′n(x)|, |αn(x)| ≤ Dα,β, for x ∈ [0, 1], n = 0, 1, 2, . . . . (2.12)
Now let us prove the equi-continuity of {α′′n }. It is clear that
|α′′n (t) − α′′n (s)| = |ϕ−1p (ϕp(α′′n (t))) − ϕ−1p (ϕp(α′′n (s)))|.
From the uniform continuity of ϕ−1p on [−Mα,β , Mα,β], it follows that for any 	 > 0 there exists a real
number ρ > 0 such that
|ϕ−1p (v1) − ϕ−1p (v2)| < 	, whenever v1, v2 ∈ [−Mα,β , Mα,β ] with |v1 − v2| < ρ.
On the other hand, with (2.10), for t, s ∈ [0, 1], one has
|ϕp(α′′n (t)) − ϕp(α′′n (s))| ≤ Mα,β |t − s|.
Let δ = ρMα,β , then
|ϕp(α′′n (t)) − ϕp(α′′n (s))| ≤ ρ, whenever t, s ∈ [0, 1] with |t − s| < δ.
To sum up, for any n ∈ N and any 	 > 0, there corresponds a δ > 0 such that
|α′′n (t) − α′′n (s)| ≤ 	, whenever t, s ∈ [0, 1] with |t − s| < δ. (2.13)
This shows that {α′′n } is equi-continuous on [0, 1].
Now from (2.11)–(2.13), {αn} is bounded uniformly and equi-continuity in C2[0, 1]. Similarly, {βn}
is bounded uniformly and equi-continuity in C2[0, 1], too. According to the Arzela–Ascoli theorem, we
can conclude that {αn}, {βn} converge uniformly to the extremal solutions in [0, 1] for the problem (1.1)
and (1.2). The proof is complete. 
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